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Abstract. 

Recent work on QCD-like theories on x has revealed that a confined phase can exist when the circumference L of 
is sufficiently small. Adjoint QCD and double-trace deformation theories with certain conditions are such theories, and we 
present some new results for their phase diagrams. First we show the coimection between the large-L and small-L confined 
regions in the phase diagram of SU (3) adjoint QCD using Polyakov-Nambu-Jona Lasinio models. Then we consider an SU (2) 
double-trace deformation theory with adjoint scalars and study conflicts between the Higgs and smaU-L confined phase. 

Keywords: Confinement, Symmetry Breaking, PNJL, Higgs Mechanism 
PACS: 12.38.Aw, U.lO.Wx, ll.30.Qc, U.lSKc 



Recent progress in QCD-like theories has shown that 
confinement can be understood analytically using semi- 
classical methods when one or more spatial directions are 
compactified and small [1, 2, 3, 4]. Because the pertur- 
bative contribution of the gauge fields to the effective po- 
tential always favors the deconfined phase at a small cir- 
cumference, e.g., the deconfinement transition in finite- 
temperature gauge theories, it is necessary to modify the 
gauge theory in some way to obtain confinement with 
small compact directions. There are currently two ways 
to realize the small-L confining phase: a double-trace de- 
formation theory which directly modifies the gauge ac- 
tion with terms nonlocal in the compact directions and 
adjoint QCD with periodic boundary conditions in the 
compact directions. 

In this paper, we extend and clarify the phase struc- 
tures of adjoint QCD and double- trace deformation the- 
ories on X S^. First, we consider the coimection 
between the small-L and large-L confined regions in 
the phase diagrams. Interestingly, there are intermedi- 
ate phases between the confined and deconfined phases 
at a small compactified circumference for SU (N) with 
N > 3 [2, 5]. In double-trace deformation theories, it 
is known from lattice simulations that the small-L con- 
fining phase of SU{3) is continuously connected to the 
conventional large-L confining phase [2]. For the case 
of adjoint QCD, the finite mass of adjoint fermions sup- 
presses the fermionic contribution to the effective poten- 
tial, so the effect of chiral symmetry breaking may be 
important in obtaining small-L confinement. In order to 
explore the interrelationship of confinement and chiral 
symmetry breaking, we use a generalization of Nambu- 
Jona Lasinio (NJL) models known as Polyakov-Nambu- 
Jona Lasinio (PNJL) models [6] and extend it to the case 
of adjoint fermions [7]. Secondly, we introduce adjoint 
scalar fields in a double-trace deformation theory. The 
aim is to set up a potential conflict between confinement 



and the Higgs mechanism. We briefly mention the role of 
topological excitations in each phase in this theory. 

Our principle tool to determine the phase diagram is 
the effective potential in terms of the order parameters 
of the specific model under consideration. The pertur- 
bative calculation of the effective potential is reliable at 
a small circumference L for the compact direction be- 
cause QCD-like theories are asymptotically free. For the 
scalar sector, we assume that the running coupling for 
the quartic scalar interaction is small at the relevant mass 
scale of the theory. The order parameter for confinement- 
deconfinement is the Polyakov loop 
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which transforms nontrivially under center symmetry 
Z{N). In adjoint QCD, xfrxj/ is the order parameter for 
chiral symmetry breaking. The scalar field is the order 
parameter for syimnetry breaking in the scalar sector, but 
it is gauge- variant. 



ADJOINT QCD AND PNJL MODELS 

We extend PNJL models to the case of SU{3) gauge 
theory with Nf = 2 of Dirac fermions in the adjoint 
representation [7]. For gauge bosons, the one-loop free 
energy in a background Polyakov loop is given by 



VGL = 2TrA[ 
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w here we have inserted a mass parameter in Q.^ = 
Vk^ + for purely phenomenological reasons [8]. A 
smaU-L expansion gives the correct one-loop energy in- 
dependent of the mass parameter M, and by setting M = 
596MeV, the next-order term proportional to M^/L^ 




FIGURE 1. The phase diagram for two-flavor adjoint QCD 
with periodic boundary conditions in the ' - ic plane. C, D and 
S refer to the confined phase, deconfined phase, and skewed 
phase, respectively. 



yields the correct deconfinement temperature for the pure 
gauge theory, with a value of « 270 MeV. 

The fermionic part of the Lagrangian of our PNJL 
model is similar to that of NJL model. The L^' = con- 
tribution to the effective potential, y/7o(^s,A,m) is un- 
changed. The potential depends on a four-fermion cou- 
pling constant gs, a noncovariant three-dimensional cut- 
off A, and a constituent mass m — —2gs{^f'^f) with zero 
current mass. In the PNJL model, the L-dependent part 
of the one-loop fermionic contribution to the effective 
potential is 
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2NfTrA[-J^^ln{l~Pe-^''^)+h.c.] (3) 

where cOk = ^/k^ + m^. This term offsets the gluonic 
potential, maintaining Z{N) symmetry provided that inL 
is sufficiently small. 

For the case of fundamental fermions, our model re- 
produces the known crossover phase transitions similar 
to the original PNJL of Fukushima [6] . For the case of 
adjoint fermions, we calibrate our model with antiperi- 
odic boundary conditions to fix the parameters in V^o- 
We take the ratio ot(L^^ = O) /A to be 0.1, which is 
small enough for the cutoff theory to make sense, and 
set A = 23.22 GeV so that the ratio of chiral symmetry 
restoration temperature Tc to the deconfinement temper- 
ature T^i becomes Tc/Td « 7.8, which is known from the 
lattice simulations [9, 10]. We use the same value of A 
for the case of periodic boundary conditions, assuming 
that boundary conditions do not change the scale of cut- 
off in the theory. 

We minimize the total effective potential with respect 
to two order parameters, the Polyakov loop P and the 
constituent mass m as a function of the dimensionless 
coupling constant, gs^^ = K". As a result, we obtain a 
phase diagram in the L^^ — fc plane for the SU (3) gauge 



theory with two adjoint Dirac fermions as shown in Fig- 
ure 1 . This phase diagram is compatible with the lattice 
simulation by Cossu and D'Elia [11]. However, the PNJL 
model shows that the small-L and large-L confined re- 
gions are connected for lower values of K, which coiTe- 
spond to lower values of constituent mass for L^' =0. 
Only for a very small value of K, chiral symmetry seems 
to be restored with the condition L^^ < < A, but it is dif- 
ficult to resolve in our calculations. 



DOUBLE-TRACE DEFORMATION AND 
HIGGS MECHANISM 

We now consider an SU(2) adjoint Higgs theory on x 
5' . The conventional part of the Euclidean action is given 
by 
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where V {^) = \/2m^^^ + \ /AX {^^) and D^^ = 
(9^0 — igAjjCj). In addition, we need a double-trace de- 
formation term V^r in order to realize the confined phase 
for small L. Many forms of V^/, may be used, but here we 
choose the form 



(5) 



The infinite series can be summed exactly, leading to 
an analytically tractable expression for the effective 
potential. This deformation leads to a second-order 
deconfinement transition at some critical value Qc- The 
action has two global symmetries: a Z{2)n symmetry 
in which — > — and a Z(2)c center symmetry in 
which P — > —P. There are three distinct gauge-invariant 
order parameters associated with the symmetries; 
{TrfP{x)), which transforms non-trivially under Z(2)c; 
(^Trf [P^ {x) ^{x)]), which transforms non-trivially 
under Z{2)h', and (Trf [f (x) 0(x)]), which transforms 
non- trivially under both groups. 

We use the following simple approximation to de- 
scribe the overall phase structure: we will include all 
tree-level contributions to the effective potential, includ- 
ing the term Vjt, and the leading ' term from one loop. 
Thus our approximate form for the effective potential is 
simply 

Veff ~ Tr [A4, ^f+V{^)+ [Vgl + V^l + V./,] {P) (6) 

where V(j,L is the one-loop potential for (j) , which is half 
of Vgl because it is spinless. Note that the first term 
in Veff does nothing but force A4 and (j) to lie in the 
same direction in the SU{2) Lie algebra. We choose a 
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FIGURE 2. The phase diagram for the double-trace de- 
formation theory with adjoint scalars in a — plane with 
the topological objects identified in each phase. The num- 
bers are the values of gauge-invariant order parameters, 

{{TrpPix)) , (Trf [P^ (x) 0(x)] ) , {Trp [/'(x) (x)])). 



gauge where the Polyakov loop lies in the 3-direction of 
SU{2), independent of x, so we can write the value of P 
asP — exp (iOaj,) and (j) as (j) — va^, where a, is the Pauli 
matrix. Minimization of the effective potential reduces 
to minimizing two separate functions of a single vari- 
able: V (0) and Vgl iP)+V^L {P)+Vd, (P). The expected 
values 9 and v are not themselves gauge-invariant, but 
they can be used reliably to calculate the gauge-invariant 
order parameters mentioned above for small L. In this 
simplified approximation, v is zero for > and non- 
zero for < 0. On the other hand, for a > a^, 9 is n/2 
and the Z(2)c-symmetric, confined phase is favored. For 
a < cic, 7^ 7r/2, and Z(2)c is spontaneously broken. Ne- 
glected terms in the full one-loop potential couple and 
P directly, and shift the phase diagram somewhat from 
the predictions of this simple approximation. However, 
they do not change the overall nature of the phase dia- 
gram. 

We summarize our results in a phase diagram shown in 
Figure 2. There are four possible spontaneous symmetry 
breaking patterns of Z(2)c x Z(2)//. Thus, with the con- 
fining phase corresponding to unbroken Z(2)c x Z{2)h, 
there seem to be five possible phases. However, the order 
parameters do not allow a phase where both the Higgs 
mechanism and confinement hold, characterized by 
{{TrpP [x)) , {Trp [P^ (x) (x)] ) , {Tr^ [P (x) 0(x)])) = 
(0,7^ 0,0) with only a Z(2)c symmetry unbroken. This 
is consistent with the general results of 't Hooft [12]. On 
the other hand, there is a phase where Z(2)c x Z{2)h 
spontaneously breaks to Z(2). We call this phase a 
mixed confined phase because symmetry breaking is 
realized by a linear combination of (j) and A4. There 
are topological objects of mixed BPS monopoles and 
mixed Kaluza-Klein (KK) monopoles, whose actions are 

471; /g^ y402+pZV and 4n /g^ A{n- 9f + g^L'^v^, 



respectively. If Z{2)h is restored, then v = 0, and they 
reduce to the actions of usual BPS and KK, which are 
the constituents of calorons [13, 14]. 

CONCLUSIONS 

We have presented some new results for the phase dia- 
grams in the QCD-like theories on x 5'. For SU{3) 
adjoint QCD with two Dirac fermions with periodic 
boundary conditions, we have extended a Polyakov- 
Nambu-Jona Lasinio model, which incorporates both 
chiral symmetry breaking and confinement, to the case 
of adjoint fermions. The phase diagram in this model 
is compatible with the lattice simulation by Cossu and 
D'Elia. The large-L and small-L confined regions are 
connected in the phase diagram for a sufficiently small 
constituent mass. 

For SU{2) double-trace deformation theories with ad- 
joint scalar fields, we have shown that according to 
the gauge-invariant order parameters, there is no phase 
where small-L confinement and the Higgs mechanism 
take place. We have found a new mixed confined phase, 
where Z(2)c x Z{2)h Z(2) is realized by two Higgs 
fields (j) and A4. We have also constructed monopole so- 
lutions in the mixed confined phase using a linear com- 
bination of (j) and A4. 
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